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Abstract 

The Grothendieck-Ogg-Shafarevich formula calculates the i'-adic Euler-Poincare num- 
ber of an £-adic sheaf on a curve by an invariant produced by the wild ramification of the 
^-adic sheaf named Swan class. A. Abbes, K. Kato and T. Saito generalize this formula to 
any dimensional scheme in [KS] and [AS] . In this paper, assuming the strong resolution 
of singularities we prove a localized version of a formula proved by A. Abbes and T. Saito 
in AS using the characteristic class of an £-adic sheaf. As an application, we prove a 
conductor formula in equal characteristic. 



1 Introduction 

The Grothendieck-Ogg-Shafarevich formula calculates the £-adic Euler-Poincare number of an 
f-adic sheaf on a curve by an invariant produced by the wild ramification of the £-adic sheaf 
named Swan class. Generalizations of this formula to the surface case are done by Deligne, Kato 
and Laumon. Recently this formula is generalized to any dimensional scheme by A. Abbes, 
K. Kato and T. Saito in [AS| and |KS| . To generalize this formula to any dimensional case, 
K. Kato and T. Saito defines the Swan class of an ^-adic sheaf on any dimensional scheme using 
alteration and logarithmic blow-up. A. Abbes and T. Saito rediscovered the characteristic class 
of an ^-adic sheaf using the Verdier pairing (SGA5) and studied its properties in [ASJ . The 
characteristic class of an ^-adic sheaf on a scheme is a cohomological element in the top etale 
cohomology group which goes to the £-adic Euler-Poincare number under the trace map in the 
case where the scheme is proper. They calculate the characteristic class by the Swan class 
defined by K. Kato and T. Saito. This formula is a refinement of the results proved by Kato 
and Saito in [KSj . We call this refinement the Abbes-Saito formula. 

In this paper, we prove a localized version of the Abbes-Saito formula, a localized version of 
the Lefschetz- Verdier trace formula and a refinement of the Kato-Saito conductor formula in 
equal characteristic. 

A localized version of the Abbes-Saito formula is an equality (Theorem SHI of the localized 
characteristic class of a smooth ^-adic sheaf and the Swan class in an etale cohomology group 
with support. We call this equality the localized Abbes-Saito formula. To show the localized 



Abbes-Saito formula, we generalize the localized characteristic class of a smooth ^-adic sheaf 
also defined in [AS] to the localized characteristic class of an ^-adic sheaf with a cohomological 
correspondence and prove its compatibility with pull-back. Assuming the strong resolution of 
singularities, as a direct consequence of this compatibility, we prove the localized Abbes-Saito 
formula in Theorem 14. II 

We prove the compatibility of the localized chracteristic class with proper push-forward in 
Proposition 15.61 This is a localized version of the Lefschetz-Verdier trace formula, which we 
call the localized Lefschetz-Verdier trace formula. 

As an application of the localized Abbes-Saito formula and the localized Lefschetz-Verdier 
trace formula, we prove a conductor formula in equal characteristic in Corollary 15.81 The 
conductor formula calculates the Swan conductor of an ^-adic representation which appears 
when we consider a fibration on a curve by the Swan class of an ^-adic sheaf defined by Kato and 
Saito in [KS| . We call this conductor formula the Kato-Saito conductor formula in characteristic 
p > 0. To prove this formula is the main purpose to consider localizations. To refine the Kato- 
Saito conductor formula, we define a localization as a cohomology class with support on the 
wild locus in subsection 3.3 which we call the logarithmic localized characteristic class and 
prove its compatibility with proper push-forward in Theorem l5.2l In [T], we prove a refinement 
of the formula for a smooth sheaf of rank 1 proved by Abbes-Saito in |ASj using an idea of T. 
Saito in [S] . As an application of Theorem 15.21 and the result in [T] , we prove a refinement of 
the Kato-Saito conductor formula for a smooth sheaf of rank 1 in Corollarv l5.4l 

It is a great pleasure for the author to thank Prof. T. Saito for suggesting the problem 
and the idea of the proof of the localized Abbes-Saito formula. Prof. T. Saito suggested to 
the author that the localized Abbes-Saito formula and the localized Lefschetz-Verdier trace 
formula imply the Kato-Saito conductor formula in equal characteristic after the author proved 
a special case of the compatibility of the localized characteristic class with proper push-forward 
and the localized Abbes-Saito formula. The author would like to thank Prof. T. Saito for many 
suggestions, encouragements and for pointing out an error of a proof of Lemma l3.8l in an early 
version of this paper and giving him a useful suggestion to improve this lemma. The author 
would like to express his sincere gratitude to Prof. Ahmed Abbes for stimulating discussions in 
the Tokyo University. The author would like to acknowledge the hospitability of Prof. Deninger 
in Muenster University where a part of this work was achieved. This research is supported by 
JSPS-Fellowships for Young Scientists. 

Notation . In this paper, k denotes a field. Schemes over k are assumed to be separated and of 
finite type. For a divisor with simple normal crossings of a smooth scheme over k, we assume 
that the irreducible components and their intersections are also smooth over k. The letter I 
denotes a prime number invertible in k and A denotes a finite commutative Z;-algebra. For 
a scheme X over k, Dctf{X) denotes the derived category of complexes of A-modules of finite 
tor-dimension on the etale site of X with constructible cohomology. Let K-x denote Rf'A where 
/ : X — > Speck is the structure map and let D denote the functor RHom{ , ICx)- For objects 
!F and Q of Dctf (-'^) and Dctf{Y) on schemes X and Y over k, M Q denotes pr*^ (8) prjt/ 
on A" X y. When we say a scheme X is of dimension d, we understand that every irreducible 
component of X is of dimension d. 
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2 Review of the characteristic class etc. 



2.1 Cohomological correspondence and the evaluation map 



We recall the definition and some properties of a cohomological correspondence needed in this 
paper from |AS[ subsection 1.2]. 

Definition 2.1. jASi Definition 1.2.1] Let X and Y be schemes over k and T and Q be 

objects of Dcti{X) and of Dctf{Y) respectively. We call a correspondence between X and 
Y a scheme C over k and morphisms ci : C — > X and C2 : C — > Y over fc. We put 
c = (ci, C2) : C — > X X F the corresponding morphism. We call a morphism u : C2G — > Rc'iT 
a cohomological correspondence from (y to on C. 



We identify the cohomological correspondence with a section of 

X Y.RHomiwlQ.RWi^)) - H°{C,nom{cig,Rc^T)). 

A typical example of a cohomological correspondence is given as follows. Assume X and Y are 
smooth of dimension d over k and c = (ci,C2) : C — > X x Y is a closed immersion. Let J- 
and 5 be sheaves of free A-modules on X and Y respectively and assume that Q is smooth. 
Then, the canonical map c*7ioTO(pr2^, pr| J-") — > 'Hom{c2Q , c\J-) is an isomorphism and we 
identify Hom(c^g, c^Jf") = r(C, c*HoTO(pr^^, pr| J^)). Since pr^ : X x F — > X is smooth, we 
have a canonical isomorphism prJ.F(d)[2d] = JJpr^.?" and we identify i?7ioTO(pr2^, i?pr'j^jF) = 
■h:om(pr*g,pr*Jf')(d)[2d]. Then the cycle class map CHd{C) — > Hl^{X x Y,k{d)) induces a 
pairing 

Ci7d(C) ® Hom(c;g, jr) — > iJ^'^(X x F, A(d)) r(C, c*7^om(pr;a, pr^ J^)) 

— > H^{X X Y,Rnom{pr*g,Rpr[T)). 

In other words, the pair (r,7) of a cycle class F e CHd{C) and a homomorphism 7 : — > 
c^.F defines a cohomological correspondence u(r,7). 

We recall the definition of the push-forward of a cohomological correspondence. We consider 
the commutative diagram 

„ c. ^2.1) 




of schemes over k. A canonical isomorphism 

R{f X g)^RHoni{p4g,R-pi\T) — > RHom{p4Rg^,g, Rpi{Rf^J^) 

is defined in [Gr| (3.3.1)], using the isomorphism 

RHom{p4g, Rpt[T) — yTM^Bg 

defined in [Grl (3.1.1)]. In the diagram (|2.ip . we assume that the vertical arrows are proper. 
The above diagram defines a commutative diagram 



C 



X xY 
fy-g 
■X' X Y'. 
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Let u : c^Q — > Rc\J- be a cohomological correspondence. We identify u with a map u : A — > 
Re RTi.om(pr2G , RpriJ-). Then, it induces a map A — > RKK — > RKRc RHom{pi^g,Rpi[T) 
where the first map A — > Rh^A is the adjunction of the identity. By the assumption that /, g 
and h are proper, the base change map defines a map of functors Rh^Rc — Rh\Rc' — > 
Rc' R{f X g)^. By composing them with the isomorphism 



R{f X g)^Rnom{prig,Rpr[T) 
we obtain a map 



RHom{pT2Rg\g , Rpr'iRf^T), 



A — > Rh^Rc Rl-Lom{pi2Q T RWi^) 

— > Rc'R{f X g)^,RTi.om{pi2S, Rp'c'iJ') — >■ Rc'^' R'Hom(pv2Rg\Q i RWiRf*^) ■ 

We define the push- forward : C2Rg\Q = c'2* Rg*Q — > Rc'i Rf^^T of u to be the correspond- 
ing cohomological correspondence. The push-forward h^u is equal to the composition of the 
maps 

C2*Rg*g — > RKC2Q — > RKRc^T — > Rc'^Rf^T 

where the first and the third maps are the base change maps and the second map is the push- 
forward h^u. 



We consider the commutative diagram 




(2.2) 



of schemes over k where the vertical arrows are open immersions. Let T and Q be objects of 
Dcti{X) and DctiiY) respectively and u : C2Q — > Rc\T be a cohomological correspondence 
on C. Let Tu = iijJ- and Qy = jyG be the restrictions. We identify j^Rc\J^ = j'^Rc[T = 
Rc\J-u by the composite isomorphism. Then, the restriction j^u on C defines a cohomological 
correspondence u : d^Qv — jc^2S — > ic^^'i-^ — R^iTu- 

We recall the zero-extension of a cohomological correspondence playing an important role 
when we define a refined (localized) characteristic class. 



Lemma 2.2. [AS[ lemma 1.2.2] Let the notation be as above and let j : U xV — > X xY be the 

product jjj X jy . We put H — RHom{pr2Gy , RpT^i^u) onUxV and H = RHoin{pr2G , Rp^'i^) 
on X X Y. We identify a cohomological correspondence u : c^Q — *■ Rc\T with a section u of 
Rc'Ti and the associated map u : ci A — > Ti.. We also identify the restriction u = JqU : c^Qy — > 
Rc\Tu with a section u of Rc TC and the associated map u : ciA — > Ti. Then, we have the 
following. 

1. The section u of Rc TC is the image of the restriction of u by the composition isomorphism 
fcRcH — > Rc'j'H = RcfH = RcH. 

2. The square 



j*aA- 



■ j*n 



is commutative. 

Lemma 2.3. [AS) lemma 1.2.3] Assume that the right square in the diagram 112. S^) is cartesian. 

Let T and Q be objects of Dcti{U) and of Dct{{V) respectively and u : C2Q > Rc\!F be a 

cohomological correspondence on C . Then, there exists a unique cohomological correspondence 
u : C2jy\Q — > Rc\ju\3^ on C such that JqU = u. 
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Corollary 2.4. [AS', Corollary 1.2.4] 1. Assume that the map C2 : C — > V is proper and C is 
dense in C. Then the right square in the diagram i2.S\) is cartesian. 

2. Assume that the right square in the diagrm V2.2]) is cartesian. Let J- and Q be objects of 

Dcti{U) and of Dct{{V) respectively and u : C2Q > Rc\J- be a cohomological correspondence 

on C. Then, u = jc\U ■ C2jv\G ^ Rc-'iiu\^ is the unique cohomological correspondence on C 

such that JqU = u. 



We call ic\U : C2jv]G — R(^'iju\^ the zero-extension of u. 

We define the pull-back of a cohomological correspondence. Let / : X' — > X and g : Y' — > 
Y be morphisms of smooth schemes over k. We assmiie dim X=dmi X' and dim y=dim Y' . 
Then the canonical map /* — > i?/' and the isomorphism 

Rc RHom{pr2G , Rpr'iT) — > RT-Lom{c2G , Rc'iJ') 

induce a map 

(/ X g)* RHom^p^ig , Rp\:\T) — > R{f x g)' RHom{prig , Rpr[T) — > RHom{pr'lg''g,Rpr'[Rf- T). 
With the isomorphism 

i?7i:om(pr;g, i?pr- J") — > J^m^ D^, 
the above composition is identified with the composition 

(/ X 5)*(^K^Dg) — > f*Tm^ g*Tig — > Rf\FM^ Rg T>Q — > Rf-TM^ Tig*g. 

Let c — (ci,C2) : C — > X x y be a correspondence and u : C2G — > Rc'iT be a cohomological 
correspondence on C. We identify u with a map u : c\A — > i?7iom(pr2^/, i?prj^JF) as above. 
We define a correspondence c' = {c[, Cj) : C — > X' x Y' by the cartesian diagram 

C" X' X Y' 



h 



f'xg 



C — ^ X xY. 

By the proper base change theorem, the base change map { fxg)*ciA — > c'l A is an isomorphism. 
Hence the map u : ciA — > R'Hora{pv2G, -Rpr^^) induces a map 

clA ~ (/ X g)*ak — > (/ x g)* RHomiwlG , RWi^^) — > RHomipv' 2* g* G , Rw' 1 Rfj") ■ 

The composition defines a cohomological correspondence (/ x g)*u : c'2* g*G — » Rc'^ Rf\F = 
Rc'i f*T. We call (/ x g)*u the pull-back of w by / x 

We recall an evaluation map from [AS, subsection 2.1]. Let X be a scheme over k and 
5 : X = Ax — > X X X he the diagonal map. Let T be an object of Dcti{X) and let 
1 = u{X, 1) the cohomological correspondence defined by the identity of J- on the diagonal X. 
An isomorphism 

n = Rnom{pT*2T, Rpt[T) — yJ^M^BJ^ 

induces an isomorphism 

S*n — > Jc-^iDjr. 

Thus the evaluation map 

T(g)^'DT — > fCx 

induces a map 

e:5*U — yK.x. (2.3) 
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We call this map the evaluation map of T . We define another evaluation map. Let X be a 
scheme over k and j : U — > X be an open immersion over fc. Let 6x ■ X — > X x X and 
Sjj : U — > U y. U denote the diagonal maps. Let T be an object of Dctf{U). We put H = 
i?Hom(pr2^, Rpr[T) on UxU and H — RHom{prlj\T, Rpr[j\T) on X xX respectively. Since 
we have Ti = {j x x j)^Ti. by the Kunneth formula, we obtain a canonical isomorphism 

j\SljTl ~ (5*7^. Thus the evaluation map of T on U defined as above 

e : — > JCjj 

induces an evaluation map 

j,e : 6*H — > ji/Cy. (2.4) 

2.2 Characteristic class of a A-sheaf with a cohomological correspon- 
dence 

We briefly recall the deflnition of the (reflned) characteristic class of a A-sheaf. (c.f. [AS', Defini- 
tion 2.1.8].) Let AT be a scheme over k, U an open subscheme, j : U — > X the open immersion 
and S : X = Ax — > X x X the diagonal map. Let C be a closed subscheme of U x U, C the 
closure of C in AT x AT, and c : C — > UxU and c : C — > X x X the closed immersions. Let 
jc ■ C — > C denote the open immersion. We assume that C = {X x U) C . Let T be an 
object of Dctf{U). We put H := R'Hom{pY*2i\J- , Rpr\j\J-') on AT x AT. Let u be a cohomological 
correspondence of on C. We have the zero-extension jc\U of u by Corollary [231 We identify 
the cohomological correspondence jc\U with a section 

jc,ueH°^{X X X,H). 

The pull-back by 5 and the evaluation map (12. 4p induce 

jc,u G X X,n) — . H^^^iX,S*H) H%^^[X,j^lCu). 

The image of ic\U under the composite defines a cohomology class in H^^^{X, j\ICij). We 
denote it by C\{j\J- ,C , jc\u) and call it the refined characteristic class of j\T with a co- 
homological correspondence jc\U on C. We define the characteristic class C{j\J- ,C , jc\u) G 
H'^^-^[X,lCx) to be the imageof Ci(ji^, C, jciu) under the canonical map ji/C;/) — > 

If C is the diagonal 5{X) C AT x AT and u : T — > T is an endomorphism, we drop C 
from the notation and simply write C\(j\T^j\u) G H^{X, j\ICu) for the refined characteristic 
class and C{jiJ-', j\u) G H^{X,lCx) for the characteristic class respectively. Further, if u is the 
identity, we simply write C\{i\J-) (resp. C{i\T)) and call it the refined characteristic class of 
j\J^. (resp. the characteristic class oi i\J-.) 



3 Refined localized characteristic class 
3.1 Refined locahzed characteristic class 

We will define a localized version of the (refined) characteristic class of a A-sheaf with a co- 
homological correspondence. Let AT be a scheme over a field k and J7 C AT an open dense 
subscheme smooth of dimension d over k, S :— X\U the complement, j : U — > X the open 
immersion, and Su : U — > UxU and Sx ■ X — > X x X the diagonal closed immersions. Let 
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C be a closed subscheme oi U x U, C the closure oi C in X x X , c : C — > X x X the closed 
immersion, and : X x X\C — > X x X and jc ■ C — > C the open immersions. We assume 
C = Cn{X X U).{ c.f. Lemma 2.3.) 

Let be a smooth A-sheaf on U. We put H :— RTi.om{pilj\!F, Rpi\j\J-) on X x X. The 
canonical map A — *■ Rg^^A induces a map 

H^{X X X,n) — >H%{X X X,n®RgcA)- 

Lemma 3.1. The canonical map H^^^{X x X.'H® Rg^^A) — > H^i^ x X^H® Rg^^A) is 
an isomorphism. 

Proof. We put Hu '■= RHom,{pr2^, Rpr[T) on U x U. By the localization sequence, it is 
sufficient to prove that H}j{U x U,Hu ® Rgc*^) — for all i where gc '■ U x U\C — > 
U X U denotes the open immersion. Since is a smooth sheaf on [/, the canonical map 
Ti.u'SiRgc^cA — > Rgc*9c'^u is an isomorphism by the projection formula. Therefore we obtain 
isomorphisms xU.Hu® RgcA) - H\C, RcRgc^gcHu) ^ where c : C — >U xU is 

the closed immersion. Hence the assertion follows. □ 



The pull-back by Sx and the evaluation map (|2.4[) induce a map 

e-S*x: H°c\ciX xX,H® RgoA) ^ H^CnsiX^ J^-^u ® S*xRgcA)- 
We have obtained the maps 

H°^iXxX,n® i?5p^AfSI^^^&5^c(^ xX,n® RgcA) (3.1) 
jc,u e H°^{X X X,H) H%^^{X,j,lCu®5*xR9c.^)- 

We write 

\ocx,c.r -HliXx X, H) H^\^{X xX,H(g> RgcA) (3-2) 

for the composite H^{X x X.-R) — > H^iX x X,!^® RgcA) - ^c?\c(^ x AT, W ® RgcA)- 

Definition 3.2. Let u be a cohomological correspondence of on C and jc'\U the zero- 
extension of the cohomological correspondence u recalled in subsection 2.1. The image of the 
element locx,c,J=' 

ijc<u) e H^^^iX xX,n® Rgc.A) by the map e ■ 5'^ defines a cohomology 
class in H^^^{X,ji]Cu ® SX^Rgc*^) and denotes 

Cl,X.V.^,C,jc,u) e H%^s{X,j,JCu®5*xRgc.^)- 

We call this element the refined localized characteristic class of j\J- with a cohomological corre- 
spondence jc\U on C . If C = Su{U) is the diagonal and u : J- — > J- is an endomorphism, we 
drop C from the notation and we write Cg , {j<J-',j]u) € Hg{X, j\ICu ® 5*^Rgx^:A). Further if u 
is the identity, we simply write Xi\J-). 

We assume that C is smooth purely of dimension d over k in the following. We have a 
distinguished triangle 

c^Rc A — > A — > Rgc*^ — > • 
Since C is smooth over k, the cycle class [C] defines an isomorphism A{—d)[—2d] c^Rc A by 
the purity theorem. Therefore we acquire a distinguished triangle c*A(— 2d] — > A — > 
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Rgc*^ — > . Applying the functor i\{K,ij ® to this triangle, we obtain a distinguished 

triangle 

j\{lCu ® 5ljC^K){-d)[-2d] — > pKu — > j\{K:u ® S'^Rgc^A) — > ■ 

The canonical isomorphism on the right term j\ICu ® 5*xRgc^A ~ j\{K,ij ® S^Rgc^A) and the 
isomorphism Au (d) [2d] ~ ICu induce a distinguished triangle 

■iij'\Aunc — > jiXu — > jiXu ® S*xRgc^A — > 

where j' : CCiU — > CDX is the open immersion and ii : CnX — > X is the closed immersion 
and hence a long exact sequence 

H°^^^{CnXj\Aunc) ^ H^cnsi^^J'-'^u) ^ H^^nsi^^-V-J^u (^S*xR9c.A) ^ ••• . (3.3) 

Lemma 3.3. Let the notation be as above. Furhter we assume that X is smooth over k. If 
C = Su{U) is the diagonal, the difference \{j\J- , i\u) — Tr(u) ■ C'g\{j\Aij) G Hg{X, j\JCu (g) 
SxRgx^A) is in the image of the injection Hg{X, j\ICu) — > Hg{X, jiJCu (E> SxRgxt:A) where 

Tr(u) denotes the image of u € Hij(U x U, Tiu) — Eiid[/(J-') under the trace map End[/(.7-') > 

A. 

Proof. This is proved in the same way as in [AS[ Section 5, Lemma 5.2.4.1]. □ 

Definition 3.4. Let the notation and the assumption be as in Lemma 13.31 We call the 

element in j^Ku) hfting the difference , (jiJ^, j\u) - Tv{u) ■ Cl ,{j\Au) € H^{X, j,ICu ® 

SxRgx^A) by Lemma 13.31 the refined localized characteristic class of j\J- and denote it by 
Cg^, {j\J^,j\u). We call the image of the element Cg^, {j\J-', jiu) under the canonical map Hg{X, j\ 
ICu) — > Hg{X, ICx) the localized characteristic class of j\J- and denote it by Cg^{j\J-,j\u). 

Remark 3.5. In the case where X is smooth and C = Su(U), by the exact sequence similar to 
(13. 3|) and the purity theorem, we have an isomorphism Hg(X, ICx) — Hg{X, JCx ® 5*xR9x^A). 
Hence we obtain the localized characteristic class C^{i\J^) in Hg{X, K-x) without taking the 
difference, (c.f. [Ml Definition 5.2.1].) The class C^°,{jiTJm) G H^{X,j,ICu) in Definition 
13.41 goes to the difference C^{j\T,j\u) — Tr(u) • C^{j\A) G H^{X,lCx) by the canonical map 
Hl{X,j^JCu)^Hl{X,lCx). 

3.2 Logarithmic localized characteristic class 

In this subsection, for a A-sheaf, we will define a cohomology class with support on its wild 
locus by killing its tame ramification, which we call the logarithmic localized characteristic 
class. We defined the localized characteristic class as a cohomology class with support on the 
boundary locus in subsection 3.1. To kill the tame ramification, we use logarithmic blow-up. 
For a smooth sheaf of rank 1, we introduce a more elementary definition of the logarithmic 
localized characteristic class in [Tl Definition 2.4]. 

Let AT be a smooth scheme of dimension d over k,U <Z X an open subscheme. We assume 
that the complement X\U = Uie/ is ^ divisor with simple normal crossings. Let 

{X X ATfc {X X X)' 

denote the log product and the log blow-up with respect to divisors defined in |AS[ 

subsection 2.2] and [KS[ subsection 1.1]. 
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Lemma 3.6. Let the notation he as above. We consider the following cartesian diagram 

X' {X X xy 
f 

X ^-^X X X 

where f : {X x X)' — > X x X is the projection and 6 : X — > X x X is the diagonal closed 
immersion. Then X' is the union of the diagonal X and iV^)^'' -bundles for a subset <j) ^ J <Z I 
over Dj where Dj is the intersection of {-DijieJ in X. 

Proof. For i € I, we define {X x X)'^ to be the blow up of X x X along the closed subscheme 
Di X Di d X X X. Let X[ denote the inverse image of the diagonal X by the projection 
{X X X)^ — > X X X for i E I. By the definition of the log blow-up, X[ is the union of the 
diagonal X C (X x X)^ and a P^-bundle over Di. Since {X x X)' is the fiber product of 
{X X X)[ (i e /) over X x X, X' is the fiber product of the schemes {X-}i^i {i e /) over X. 
Therefore X' is the union of the diagonal X and (P"'^)'''^-bundles for ip ^ J C I over Dj where 
Dj is the intersection of {-Dijiej in X. Hence the assertion follows. □ 

We consider the following situation. Let X be a scheme of dimension d over k. Let U C V 
be open subschemes of X, and S = X\V and DU S = X\U the complements respectively. We 
assume that V is smooth over fc, I? is a Cartier divisor and D n C is a divisor with simple 
normal crossings. Let j : U — > X, jv '■ V — > X and j' : U — > V denote the open immersions. 
Let U' be the complement of D := |J,e/ Di in X. We have U = Vr]U'. Let {X x Xjc {X x X)' 
and {V X Vjc {V x V)' denote the log products and the log blow-ups with respect to {Uijie/ 
and {Di n V}i^i respectively. 

We consider the following commutative diagram 

— ({/ X vy (v X vy 

j 

U X U X U 

where {U x Vy C (T^ x vy is the open subscheme which is the complement of the union of the 
proper transforms of {Di f\V) xV for all i G J.(c.f. |AS| Section 2.2].) 

We consider the cartesian diagram 

[xxxy^^[vxxyJ^[vxvy (3.4) 

/ /i fv 
X X X V X X V X V 

where the horizontal arrows are the open immersions and the vertical arrows are the projections. 

Let be a smooth A-sheaf on U which is tamely ramified along V\U = V f) D. We put 
Ho ■— Hom{pT2^,pTl!F) onU xU and H := RHom{prlj]T, RprijtT) on X x X respectively. 

We recall a construction defined in loc. cit. We put Hv RHom {pr 2 RpAJ'.-^) on V x 
V, Hv (j*Ho)(rf)[2d] on {V x Vfand H'y := j'uRh,(j,Ho)id)[2d] on {V x vy respectively. 



{V X vy 

fv 

V xV ' 
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There exists a unique map 

f^fLv n'y (3.5) 

inducing the canonical isomorphism R'Hom{pr2^,Rwi^) — ^ 'Ho{d)[2d\ on U x [/ by jS] the 
proof of Proposition 3.1.1.1]. 

We put H' j[,Rk[fi'y on {X x X)' . We define a map 

rn — > H' (3.6) 

to be the composite of the following maps 

where the first map is induced by the Kunneth formula and the second and third maps are 
induced by the base change maps f*jii — j'ufi and f^Rki^ — > Rk'^^fy and the fourth map 
is induced by the map (|3.5|) . 

Lemma 3.7. Let the notation be as above. Then the adjunction of the map iS. 6]) 7i > Rf^Ti' 

is an isomorphism. 

Proof. By |AS[ lemma 2.2.4], the adjunction "Hy — > Rfv^.'fiy is an isomorphism. Since / is 
proper, the assertion follows from the cartesian diagram (|3.4p and the definition of 7i'. □ 

We consider the following cartesian diagram 

X' — {X X xy {X X xy\x' 
f f 

X XxX X X X\6xiX) 

where f : {X x xy — > X x X is the projection, i' : X' — > {X x xy is the closed immersion 
and g' : (X X Xy\X' — > {X x xy is the open immersion. Let S' : X — > {X x Xy, 
5v ■ V — {V X Vy a,nd Sy : V — > {V x Vy be the logarithmic diagonal closed immersions 
induced by the universality of blow-up. Let V denote the intersection X'r){Vx Vy in {X x X)'. 
Let g'y : {V X vy\V' — > {V x vy be the open immersion. 

We define an evaluation map. The composite of J;he canonical isomorphism S'*'H' ~ 
jv\Sy{j^,'Ho)(d)[2d] and an evaluation map jy,e : jviSy{j^,Ho){d)[2d] — > jy,Ay{d)[2d] = 
7vi/Cvf [AS[ (2.9)]) induces an evaluation map 

e':S'*n' — >jv\ICv- (3.7) 

The map (|3.6p induces the pull-back 

r : if^(X xX,H)^ Hl,{{X X Xy,n'). (3.8) 
The canonical map A — > Rg'^A induces a map 

H'^,{{x X xy,n') H'^,{{x X xy,n' ®Rg',X). 

Lemma 3.8. Let the notation be as above. Then the canonical map 

H^X'W'iiX X xy, H' ® RglA) i?^, {{X x X)', H' ® Rg'^A) 

is injective. 
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Proof. By the localization sequence, it suffices to prove Hy}({V x ¥)',?{' v ® Rg'y^A) = 0. 
In the following, we may assume that V — X and J- is tamely ramified along the boundary 
X\U — D which is a divisor with simple normal crossings. We will prove the vanishing 
H^}{{X X XY,n' (g) Rg'^A) = 0. Let P denote the closed subscheme X'\U of {X x X)' . By a 
similar argument to the proof of Lemma [3. 1[ we obtain an isomorphism Hp^{{X x X)' ,71' ® 
RgiA) ~ H^}{{X X xy,n' ® Rg^A). We have a distinguished triangle 

i'4i'*n' Ri'-A) — >n' — > Rg'^A — > 
and hence a long exact sequence 

Hp\{X X X)',7i') -^Hp\{X X X)\n'®Rg',A) 
H%{{X X X)',7i') 

Because we have Hp{{X x X)' ,71') ~ H^^<^^{X x X, 7Y) ~ for all i by the isomorphism 
Rf fi' ~ 7i proved in |AS[ Lemma 2.2.4], we obtain an isomorphism Hp^{{X x X)' ,71' ® 
Rg'^A) ~ Hp{X' , i'*7i' ® _Ri''A) by the above long exact sequence. 

Since we have X' = S'{X) U P and D = 5'{X) D P, we acquire the following long exact 
sequence by the excision 

H°{D, i'hTi' ® Ri'dA) — > H%{X, S'*?i' (g) RS''a) © H°{P, ip7i' (g> Ri'pA) — > H%{X' , i"7i' (g> Ri''A) 

— > H^{D,i'*p,H'®Ri'-p,A) — >■■■ where : P — >{XxX)' and i'^, : D — >{XxX)' are the 
closed immersions. By the purity theorem and O Corollary 2.21(3)], we obtain isomorphisms 
Hl,{XJ'*7i' Rd'-A) ~ H%{X,5*~jMo) ^ H%{X,j^£nd{T)) ^ 0. Let ij, : L> — > X be the 
closed immersion. Since we have an isomorphism iJ'(L), i'^Ti'CS/Ji'^jA) ~ H^{D, j^,£nd{J-')\D® 
Rip, A), we acquire H''{D,i'*p,7i'(E)Ri'p,A) = for i < 1 again by the purity theorem. Therefore 
we obtain an isomorphism H°{P, i*p7i' Ri'pA) ~ H°p{X', i'*7i' Ri'-A). 

By lemma [3761 the purity theorem and the excision, it suffices to show that Rfj^,{7i'\pj) 
is acyclic for each (j) ^ J d I where Pj is a (P^)''''-bundle over Dj and fj : Pj — > Dj is 
the projection. Since the assertion is etale local, we may assume that T is the tensor product 
-^i where Ti is the extension by zero of a smooth sheaf on the complement X\Di for i e / 
in the same way as in [AS) the proof of Lemma 2.2.4]. Since {X x X)' is the fiber product of 
{X X X)'^ over X x X and Pj is the fiber product of C (X x X)'^ for i £ J and the diagonal 
X d {X X X)'^ for i e I\J over X where Pi is the P^-bundle over Di. Hence, by the Kunneth 
formula, it is reduced to the case where D is a, smooth divisor. By the cartesian diagram 

p {X X xy 
fp f 

D X xX, 

we obtain Rfp^{7i')\p ~ [Rf fi')\D by the proper base change theorem. By the isomorphism 
Rf^Ti' ~ Ti proved in loc. cit., the assertion follows. □ 

We have a cohomo logical correspondence j\\ = idj,jr in H^{X x X, 7i) and its pull-back 
/*id,,^ e X X)',7i') by (E^. 

Lemma 3.9. Let the notation be as above. There exists a unique element (/*idj,jr)' in 
iJ^,^y,((A X X)' ,71' ® Rg'^A) which is sent to /*idj,jr by the canonical map i/^,^^, ((A" x 
X)', H' Rg'^A) Hl,{{X x A)', U' ® Rg'^A). 



',{X',i'*n' 



> Ri'-A) 
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Proof. By the localization sequence and Lemma 13^81 it suffices to show that the element f*idj,yr 
goes to zero under the restriction map H^,{{X x X)',7Y' ® RgiA) — > H^,{{V_x ¥)',?{' v 
Rg'y^A). Namely we prove the following vanishing /y*idj/jF = in Hy,{{V xV)' ,71' v^Rg'v ^, A). 
Since T is tamely ramified along V\U, we have an equality fv*'vijijr — eU [V] in Hy,{{V x 
F)',7^V) by ^S, Proposition 3.1.1.2]. We consider the following commutative diagram 

eu[v]e H'^iiv X vy.nv) — ^ Kiiv xvy,nv® RgvA) 



[V] e Hl^iiV X Vr,Aid)) H^^iiV X VlRgvAid)) ^ 

where "gy '■ [V x VY\V — > {V x T/J'is the open immersion and the horizontal arrows are induced 
by the canonical map A — > Rgy^A. Since we have Hy^{{V x VJ, RgVf,A{d)) = 0, we acquire an 

equality eU[y] = in H^{{V xVy,nv Rgv* A) - H^{{V xV)' .U'v ® Rg'vA) by the above 
commutative diagram. Hence we obtain the vanishing fv*i'^^j',j' = in Hy,{{V x Vy,H'v <S> 

Lemma 3.10. Let the notation be as above. Further we assume that X is smooth over k. Then 
the canonical map induced by the map A — > S'* Rg'^A 

Hl{XXx) Hl{XXx®5'*Rg'^A) 

is an isomorphism. 

Proof. This is proved in [H Lemma 2.3]. □ 

The pull-back by 5' and the evaluation map 113. 7p induce a map 

e' -5'* : H°.,\y,{{X x X)' ,rL' ® Rg',A) HI[X, jvXv ® 5'* Rg'^A). 
We have obtained the following maps 

X xy,n') H%,iix X xy,n' Rg'A) 

/* | |3.8| | inj. Lcmm j3T8l 

id,,^ e H"x{X X X,n) H^x'wii^ X xy,n'<»Rg:A)^L^H''g{X,jvXv®S'*Rg:A). 

By the map e' -6'* and Lemmas l3.8l and f3.9( we obtain a class e'-(5'*(/*idj,jr)' in Hg{X, jv\ICv ® 
S'*Rg',A). We put Cgf'°{j^T) := e' • 5'*(/*idj-,^)'. We denote by Cg'^'^i.v.T) G H°.{X,ICx) 
the image of the class C^gf''^{j\^) under the canonical map Hg{X,jv\JCv ® S'*Rg'*A) — > 
H''s{X,lCx®5'*Rg',A) ~ Hl{X,lCx). (by Lemma[330l) 

Definition 3.11. Let the notation and the assumption be as in Lemma [3.101 We call the 
class C^g^'^ in Hg{X, K-x) the logarithmic localized characteristic class of j\J-. We call the 
element C^gf'^{j\J-') in Hg{X,jv\lCv CE5 5'* Rg'^A) the refined logarithmic localized characteristic 
class ofj^T. We put the difference Cs*5'°°0!J^) := Cs'^-°{j^T)~Tk{J=-)-Cg^-°{j^A) e H"g{X,JCx). 

Let the notation be as above. In the following, we assume that V — X, X\U = D is a. 
divisor with simple normal crossings and that J-' is tamely ramified along the boundary D. We 
will prove the vanishing of the localized characteristic class, i.e. C^{j<!F) = 0. This vanishing 
plays a key role in the proof of the localized Abbes-Saito formula. 
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Remark 3.12. Let the notation be as in Definition l3.11l We expect that the logarithmic local- 
ized characteristic class C^g^''^'^ (jiT) is sent to the localized characteristic class by 
the canonical map Hg{X, JCx) — > -^sudI^' ^x)- If we admit this, the vanishing C'j^{i\J-) — 
will follow from Definition 13 . 11 1 bv putting X — V, S — ^. However we do not know a proof. We 
give a proof of the vanishing C^{j\J' ) = in the following. 



We write Ti' and ejr g r(X, j^TYoIjc) for the sheaf Ti' and the unique section e £ 
r(X, j*7Yo|x) lifting the identity T{U. Hole) to emphasize that they are associated to the sheaf 
T. 

The canonical map A — > f*Rgx^A- induces a map H'^,{{X x X)',7iV) — > H^'ii^ x 
X)\Ti' jr (g) f* Rgx^h). By the same argument as the proof of Lemma TS.ll the canonical map 
H%^^{{X X ® f*Rgx.A) — ' H^X'{{X x X)', ^ f*Rgx.A) is an isomorphism. 

The image of /*idj,^ under the composite x X)' ,H' jr) — > H^,{{X x Xy,'H'j. (g) 

f *RgxA) - H%\u({X X Xy,n'j^(E)f*RgxA) denotes (/*idj,^)'°^ The pull-back by S' and 
the evaluation map e'dSlD induce e' ■ 6'* : H°^,^^{{X x X)' ,n'j^<» f*RgxA) — ' H%{X,Kx® 
6*RgxA) =i i?^(X,/Cx).(by RemarkE^l) The image of the element (/*idj,^)'°'= e H'^,^^j{{Xx 
X)',n'jr ® f*Rgx^h) under this map denotes e' • (5'*(/*idj,^)i°'= e H%{X,ICx). 

Lemma 3.13. Let the notation be as above. Then we have the following vanishing 
inHliX, JCx). 



Proof. We prove an equahty C%{i\T) = e' ■ 5'*(/*idj,^)i°= in H%{X,ICx). This follows from 
Definition 13.41 Remark 13.51 and the following commutative diagram 



id„:F e H'^{X X X,Hjr) — 
/*id,,^ei/^,((XxX)',7YV) 



H°,{X X X,H^(g)RgxA) 



r 



Hl,{{XxXy,n':F®f*R9xA) 



^ H%{X xX,Hr® RgxA) 

X Xy, U'r ® f*R9xA) 



H%iX,lCx^6*RgxM 



e'-S" 



id 



■ H%{X,ICx (E> S*RgxA) - HUX,ICx) 



where the vertical arrows are induced by the map (|3.6p f*H — > HV- By this diagram 
and f*idj,jr = ejr ij [X] by [S] Proposition 3.1.1.2], we acquire equalities C^{j\T) = e' • 
5'*(/*id,,^)i- = e'(e^) • 5'*[X]= rk(.F) • 5'*[X] and Cl{j,Ku) - e'(eAj • r[X] = 5'*[X]. 
Hence the assertion follows. □ 



In the following, we calculate the localized characteristic class by the localized Chern class 
using Lemma [3. 131 in tamely ramified case. We will not use the results in the following sections. 
We recall the definition of the localized Chern class from [KS[ Section 3.4]. Let X be a scheme 
of finite type over k and Z C X he & closed subscheme. Let £ and be locally free Ox-modules 
of rank d and / : £ — > T be an Ox-linear map. We assume that / : £ — > T is an isomorphism 
on X\Z. We consider the complex K. = \£ — > T\ of Ox-modules by putting T on degree 0. 
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Then, the localized Chern class c^{IC) — 1 is defined as an element of CH*{Z — > X) in [Fu[ 
Chapter 18.1]. We define an element c(J^ - £)f = {c,{T ~ £)f )j>o of CH*{Z — > X) by 

c(^-£)f = c(£)n(cf(/c)-i). 

In other words, we put Ci{!F — = I]™Q^'^'*^^^Cj(f ) n Ci_j^(/C) for z > 0. The image of 
c{J- — in CH*{X) is the difference c(JF) — c{£) of Chern classes. 

Lemma 3.14. Let X he a smooth scheme over k of dimension d, U an open dense suhscheme 
and D the complement X\U . We assume that D is a divisor with simple normal crossings of 

X. Let j : U > X he the open immersion. Let {Di\i^i he the irreducihle components of D. 

For a suhset J C L , we put Dj f|.g^ A and Bj lJ.^j(L'j n A)- Letjj : Dj-Bj > Dj 

he the open immersion. 
L Then, we have 

in H^{X, ICx) where \L\ = n. 
2. We have 

ca{n],,^{\ogD) ~ n [X] = -S:"r/'^^")E|^|=,,^c/(-l)'-c<i_.(l}l3^/fc(logi3j)) n [Dj] 

in CHo{D). 

Proof. The assertion 1 is easy. We omit a proof. We prove 2. We have an exact sequence 
n],/, ^]c/ki^ogD) ^ ^ 0. 

We put JC := 0j£/ ■ The above sequence induces equalities c(r2^yj, (log£>) — ^x/k)D ^ i-^] = 

c(n^/,)n(4(/c)-i)n[x] =c(i7^/,)nc^(/c)n(i-c^(/c)-i)n[x] and (i-4(/c)-i)n[x] = 

— E™"^"'''^S,7c/.|,7|^r(^l)^[^.7]- Therefore we obtain an equality c(r2^y^(logI?) — ^x/i.)^, n 
[X] = -I]"'i"/"''''(-l)''S.7c/,|J|=rc(f^^/fc) n c^iJC) n [Dj]. On the other hand, the following 
equality holds c( fix/ fe) = c(r2^/j.(logD))nc^(A^)~^. Hence we acquire c(ri^y^(logD) — ri^^j.);^n 
[X] = — l)'"I]jc/jj|=rc(ri^/j,(log£')) n [Dj]. The assertion follows from an equality 

c(r!^/,(iog7^)) n [Dj] = c{n],^/,{\ogBj)) n [Dj]. □ 

Corollary 3.15. Let the notation he as in Lemma \3.14\ and J- he a smooth A-sheaf on U which 
is tamely ramified along D. Then, we have 

Clij.T) = {-lY ■ ■ ca{n\,k{\ogD) - n],/,)^ n [X] 

inHl{X, Kx). 

Proof. By Lemma [3.131 and the assumption that is tamely ramified along D, we obtain an 
equality C^{j\!F) — rk(JF) • C^{j\Au) = 0. Therefore the assertion is reduced to an equality 
C%{j\Au) = {-lY ■ Cdi^x/kC^^SD) - n]^/^)^ n [X]. By Lemma EUl, the following equal- 
ity holds CO(j,At/) = -E:fif'''")E|j|^,,jc/C(jj,Az3,_B,) in H%{X,ICx). By [Ml CroUary 
2.2.5.1], we acquire an equality C{jj,Ajjj^Bj) = {^^Y^^'cd-r{^\) ^/i-i^ogBj)) n [Dj]. Hence 
the assertion follows from Lemma [3. 141 2. □ 
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3.3 Pull-back 



In this subsection, we will prove the compatibility of the refined localized characteristic class 
with pull-back. Let X and Y be schemes over k, U C X and V C Y open dense subschemes 
smooth of dimension d over fc, and S := X\U and T := Y\V the complements respectively. 
We consider a cartesian diagram 




where / : Y — > X is a proper morphism and / : V — > C/ is a finite flat morphism. 

Let C C U X U he a closed subscheme purely of dimension d. Let C be the closure of C in 
X X X, C CV xV the inverse image of C C J7 x f7 by / x / : F x y — > x t/ and C" the 
closure of C" in F x Y. We also assume C = C n{X x U). Let jc : C — >C and jc ■ C — > C' 
denote the open immersions. We consider the following cartesian diagram 



Y X Y\C' ■ 



9' 



where g : X x X\C 



■Y xY 
fx! 

X X X\C—^Xx X 
X X X and g' -.Y x Y\C' — > Y xY are the open immersions. 



Let JT be a smooth A-shcaf on U and u a cohomological correspondence on C. We put 
=f*T on V, H := RTi,om{pi2j\^i -Rpi'iJ!-^) on X xX and 7Y' := RTi.om(j>r2jv\^Vi RpT^'ijvi^v) 
on y X y respectively. 



We define a map 



jvXv ® SyRg'A 



(3.9) 



to be the composition of the following maps 

rU^.ICu ® S*xRg..A) — > f ji/Cc/ (8> 5*yRg',A 

where the first map is induced by the base change map (/ x f)*Rg^,A — > -R<?'*A and the second 
map is induced by an isomorphism f*JCu JCv by the assumption that U, V are smooth schemes 
of the same dimension. The map p.9p induces the pull-back 

f : Hl^g{X,j^lCu ® S*xRg.A) H%^^{Y,jvXv ® 6^,Rg\A). (3.10) 
Proposition 3.16. (Pull-back) Let the notation he as above. Then we have an equality 

Cl,{jv,Tv,C',jc',if X fyu) = fC° ,(j!.F,C,jc!u) 
in Hl,^^{Y,jvXv ® S^Rg'^A). 

Proof. Wc consider the commutative diagram 



loc 



St 



HUY X Y,H') ^^^%.^,{Y X Y,n'®Rg'A)^L^H%,^^{Y,3vXv®5*yRg',A) 



C" 



H%{x X x,n) 



Hl^^{XxX,n®R-g,A). 



•■■SX 



" - H°^^^{X,3,JCu®5*,^Rg,A). 
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The assertion follows from this commutative diagram, jc'\{f >^ /)*" = (/ x fYijc'iu) by |AS[ 
in the proof of Proposition 2.1.9] and Definition 13.21 □ 



We keep the same notation as above. Let Sjj : U — > U x U denote the diagonal map. In 
the following, we consider the case where C is the diagonal Su{U). Further, we assume that 
/ : V — > [/ is a finite Galois etale morphism of Galois group G. Let u be an endomorphism of 
J". Given a G G, let L^ C F x V be the graph_of a : V — > V. Then we have VxuV ^ jJaeG I> , 
since / is a finite Galois etale morphism. Let To- be the closure of To- in y x Y. Let : Fo- — > Fo- 
denote the open immersion. For a G G, let a* : a* f*!F — > f*J^ be the canonical map. We 
consider the composite f*{u) o a* : a* f*J- — > f*J- as a cohomological correspondence of f*J- 
on the graph Fo- C x V. We have the pull-back 

f : H°{X,j.,ICu) HUYJvXv). 

We assume that cr ^ 1. Let g'^. : Y x y\f o- — > F x y be the open immersion. Since the 
graph Fcr is smooth over k and the intersection F^ n F in F x y is empty, we acquire the 
following isomorphism by the long exact sequence (j3.3p in the case where C — 

Hl^^{Y,jv^,ICv) ^ H^^^^{Y,jvXv^S*YRg',,A). 

By this isomorphism, we obtain a class 

CTj(iv-,J^V',f,,>,(,rW ofT*)) := C^,{jv,Tv,r^,j^,{r{u)oa*))-rk{Tv) ■ C?-,, (jv, Av, F,, 

in H^^^^{YJv\ICv) - H^^^j,{Y, jvXv ^ S^Rg' „^A). Note that the class C^,{jv,J^v,^aJa\ 
o a*)) is equal to the refined characteristic class Cl'{jv\^v, ^a,ja\{f*{u) o a*)) recalled 
in subsection 2.2 by Definition 13.21 

Corollary 3.17. Let the notation he as above. Further we assume that X,Y are smooth over 
k. Then, we have an equality 

in H^{Y,jv\ICv)- 

Proof. By Proposition 13.161 and (/ x f)*u = J2aeG f*i^) ° by |AS[ the proof of Corollary 
2.1.11], we obtain an equality 

<J£G 

in H^{Y,jv\lCv ® SyRg'^A). Since the canonical map H^{Y,jv\)Cv) — > H^{Y,jv\K,v ® 
SyRg'^A) is injective, the assertion follows from Definition 13.41 □ 



4 Proof of the localized Abbes-Saito formula 

In this section, we give a proof of the localized Abbes-Saito formula assuming the strong 
resolution of singularities. Let X be a smooth scheme of dimension d over a perfect field k and 
j : U — > X be an open immersion with dense image. Let S denote the complement X\U. 
We assume that I denotes a prime number invertible in k and E denotes a finite extension 
of Qi. Let be a smooth iJ-sheaf on U. Let Eq denote E n Q(/ip°o). The naive Swan class 
Sw"^'™(jr) G CHo{S)eo is defined in [KSl Definition 4.2.2] and recalled in [XSl subsection 3.2]. 
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Theorem 4.1. (the localized Abbes-Saito formula) Let the notation and the assumption be as 
above. Further, we assume the strong resolution of singularities. Then we have 

Cs°U'.^) = -cl(Sw""'™(^)) 

in Hg{X, ICx) where cl : CHq{S)eo — Hg{X,ICx) denotes the cycle class map. 



Proof. Let O be the integer ring of E and A the maximal ideal of O. For a constructiblc i?-slieaf 
!F on X, To denotes an O-lattice and Tn denotes the reduction To ®o O/X^. We put T = Ti. 



We take the following cartesian diagram 

jv 



u 



Y ■ 







f 


f 







X 



D 



S 



where / is a finite Galois etale morphism of Galois group G that trivializes the reduction T 
and / : Y — > X is a proper morphism. Since we assume the strong resolution of singularities, 
we may assume that Y is smooth over k and D = IJjg/ Di <Z Y is a divisor with simple normal 
crossings. We put Ty ■= f*T on V. 



By Corollary 13. 171 we have 



(4.1) 



creG 



in H'^{Y,ICy)- Since we assume the strong resolution of singularities, the condition in |AS[ 
Theorem 3.3.1] is satisfied. Therefore we obtain an equality 

Cijv.Tv,t,,j„,a*) = ~sy/uia)Tv'"'{a : M) 

in riY^^' ^'^^ ^ 1 by loc. cit. Since we have To- = To- Ci D for cr 7^ 1, the canonical 
map nD^^' — ^ ny isomorphism. By this isomorphism and Definition 

we understand the following equalities 



(4.2) 



-.Sv/t,(a)Tr^'-(^ : M) 

in ^y(Y,ICy) = ^^{Y,ICy) where C^{jv]Tv , ja\cr*) denotes the image of the class 
Cl),Xjv\J^v,^a,ja{Cr*) under the canonical map H^^^^{Y, jv\ICv) — > H^^^^{Y,]Cy). By 
(|4.ip . Lemma [3.131 (Here we use the strong resolution of singularities.) and (14. 2p . we acquire 
equalities 



E 



sy/uia){TT'"^{a:M)-rkiT)) 



in H^{Y,ICy)- Since we have J2a<£G ^v/ui'^) = 0, the following equality holds 

fC™(j!.F) = Y -sy/c/(<T)TrB'-(a : M). 



Applying the functor we obtain 



\G\ ■ Cf{j,T) ^ J2 -/*sv/t/(^)Tr^'^('^ : M) = ~\G\ ■ S. 

aeG 

Hence we have proved the required assertion. 



\T). 



□ 
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Remark 4.2. Let the notation be as in Definition l3.11l We expect that the following equality 
Cg^'°°ijiT) = -cl(Sw"'''™(J?^)) holds in H^{X,ICx). However we do not know a proof. In the 
case where is a sheaf of rank 1 which is clean with respect to the boundary, we prove this 
equality in [Tl Corollary 3.10]. 

Remark 4.3. Without assuming that X is smooth over k, we will define the localized char- 
acteristic class Cg{j\J-) e Hg{X, K-x) in Definition 15.101 and prove the equality C'g^{j\T) = 
-cl(Sw"'''™(JC-)) in CorollaryEm 



5 Kato-Saito conductor formula in characteristic p > Q 



In this section, we will prove the compatibility of the (logarithmic) localized characteristic class 
with proper push-forward. This is a localized version of the Lefschetz-Verdier trace formula. As 
a corollary, we will prove the Kato-Saito conductor formula in characteristic p > 0. Originally 
the Kato-Saito conductor formula calculates the Swan conductor of a Galois representation 
which appears when we consider an £-adic sheaf on a proper smooth curve over a discrete 
valuation field by the 0-cycle class (Kato 0-cycle class defined in [K2j for a sheaf of rank 1 or 
Swan class) on the boundary which is produced by the wild ramification of the ^-adic sheaf. 

We prove the compatibility of the logarithmic localized characteristic class of a smooth A- 
sheaf with proper push-forward. Let the notation be as in Lemma 13.101 We write <j) for the 
projection / : (A x A)' — > A x A in this section. Moreover let Z be a smooth scheme of 
dimension e, W an open subscheme of Z . Let 5z ■ Z — > Z x Z and 5w '■ W — > IV x be the 
diagonal closed immersions, and gz ■ Z x Z\5z{Z) — > Z x Z and gw ■ W x W\6w{W) — > 
W X W the open immersions. We consider a commutative diagram 




where the squares are cartesian, / : V — > 14^ is a proper smooth morphism and / : A — > Z 
is a proper morphism. 

We consider the following cartesian diagram 



X" ^ (A X Xy . ^" (A x A)'\A" 

<P 

X xz X ^ A X A ^ A X A\A x z A 

/x/ 

Z ZxZ ^ — Z X Z\6z{Z). 



where g" : (A x A)'\A" — > (A x A)' is the open immersion. Let V" be the intersection 
X"n{VxVy in (Ax A)', and ^ : V" — > (F x F)' the closed immersion. Let h:{XxXy — > 
ZxZ denote the projection. We have A' C A" and V" is a smooth scheme of codimension e 
in {V X vy since the projection h : {V x vy — > 11^ x is a smooth morphism. We consider 
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the cartesian diagram 

V" {V X vy {V X vy\v" (5.1) 

hw h 

W WxW W X W\W 

where g'y and gw are the open immersions, and h and hw are the projections. 
We define a map 

RUjvXv ® S'*RgiA) jwXw ® 6*zRgzA- (5.2) 
By the smooth base change theorem and the projection formula, we acquire isomorphisms 
jw\RfA^v ® 5'*yRg'{,^K) ~ jw<RfAl^v ® rS^RgwA) - jw\Rf.,ICv ® S*zRgz,A. 
Therefore we obtain an isomorphism 

RUjvXv ® 5*zRgzA - RMvXv ® S'^Rg'lK). (5.3) 
We define the map (|5.2p to be the composite of the following maps 

Rf^jvXv ® S'^RgiA) — > Rf*{jvXv ® S"Rg"A) ~ Rj,jvXv ® S*zRgz,A — » jw,ICw ® S'zRgz^A 

where the first map is induced by the canonical map Rg'^A — > Rg'lA and the second isomor- 
phism is l|5.3p and the third map is induced by the proper push-forward Rf^lCy — > ICw- Then 
the map (j5.2[) induces the proper push-forward 

/; : H°{X,jvXv ® S'*Rg:A) H°{Z,jwXw ® 5*zRgzA)- (5.4) 

Lemma 5.1. The canonical map 

H°x„\y„iiX X XY,n' ® Eg': A) H°x4iX x X)',7Y' ® Rg':A) 

is an isomorphism. 

Proof. It suffices to show that Hl,„{{V x y)',7YV » Rg'v^A) = for all i by the local- 
ization sequence. By the proper base change theorem and the cartesian diagram (|5.ip . we 
acquire an isomorphism H\,„{{V x Vy^H'v «) Rg'v^A) ~ H\W,R5'y^RK{n'v ® Rg'vA))- 
We put Hw ■= R'Hom[\)V2Rfu\^,Rw\Rfu\P) on W x W. We write 4>v for the projection 
fv : {V X Vy — > V xV in subsection 3.3. The isomorphism R(j)v^,'H'v — Hv by [ASi Lemma 
2.2.4] and the Kunneth formula induce an isomorphism Rh^.'H'v — Hw- Since we have an iso- 
morphism h* Rgw^A ~ Rg'y^A by the smooth base change theorem, we acquire an isomorphism 
Rh^CH'v Rg'v^A) ~ Hw ® Rgw*A by the projection formula. Since R'^fu,T is a smooth 
sheaf on W for all q, we obtain the following vanishing i?'(W, i?5jyi?/i*(7iV Rg'v^,^)) — 
W{W, R5^\i^{Hw ® Rgw*A)) = again by the projection formula. Hence we have proved the 
required assertion. □ 

Theorem 5.2. (localized Lefschetz-Verdier trace formula) Let the notation and the assumption 
be as above. Then we have an equality 

Ud^^^^'a^T) = C!^{jw,Rfu^.:F) 

inH°{Z,ICz). 
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Proof. We prove the assertion by a similar method to the one in |Gr[ Theoreme 4.4]. We put 
Hz ■= RHorn{pT2jw\Rfu\^, Rw'ijw\Rfui^) on Z x Z. By Lemma 15771 and the Kunneth for- 
mula, we have an isomorphism Rh^'H' ~ Tiz- We consider the following commutative diagram 



*id,,^ei/o,((XxX)',7i') 



i7^„((XxX)',H') 



H'^,{(X xXy,H'(E)RgiA) 



Hl„{{XxXy,H'®Rg':K) 



(5.5) 



H%.y,{{XxX)',n'®Rg'A) 



e'-S" 



HUX,jv,lCv rRg'^A) 3 



Len^^^o ^^^^^^((^ X X)', 7Y' ® Rg'J A) Hl{X,jvXv ® 5'*Rg':A) 3 e'(5'*0*(id,,^)". 

We denote by e'5'*(t>*{iAj,jr)" the image of the element (t>*\Aj,jr in H^„i{X x X)' ,n') by the 
composite of the maps in the lower line in the above diagram. By the above commutative 
diagram, Lemma 13.91 and Definition 13.111 we obtain an equality 



(5.6) 



in H^{X, jv\JCv ® S'*Rg*A) where we denote by the same letter the image of 

Cs*^'°(j!-^) G Hl{X,jvXv (X) S'*RgiA) by the canonical map H^{X,jvXv ® 5'* Rg'^A) — > 
H°siX,jv,)Cv^S'*Rg':A). 

We consider the following commutative diagram 



i?°.„((x X xY,n') 



H°z{Z X Z,nz 



H°,„\v"iiX X Xy,H' ® Rg'jA) ■ 




(1)' 



Hl{X,jvXv <»S"'Rg':A) 

I, 



Hl\yv{Z X Z,Rh,{n ® Rg'jA)) -^-^ Hi^{Z, RMjvXv ® <5'*i?g"A)) 



(2)" 



H^^n^iZ X Z,nz(SRgz,A) 



(2)' 



(3)' 



H^Z, RUjvXv ® 5*zRgz,A) 



H^{Z,jw,K.w (SS'zRgz^A). 



(5.7) 

We explain the maps and the commutativities in the above diagram. The commutativities 
except for the bottom one follow from definitions of the maps immediately. 

(0) : This map is the composite of the first two maps in the lower line in the diagram (|5.5p . 

(1) : The adjoint map h*'Hz — > H' of the isomorphism Hz — > Rh^H' and the canonical map 
A — > Rg'lA induce a map h*Hz — ^H' ® Rg'lA. The adjoint _Hz — > RK{H' (g) Rg'^A) of 
this map induces a map H°{Z x Z,Hz) — > H%{Z x Z,RK{H' Rg^A)). By Lemma O 
the canonical map H°^^{Z x Z,RK(H' ® Rg'^A)) — > H%{Z x Z,RK(H' (x) Rg'^A)) is an 
isomorphism. The map (1) is the composition of these maps. 

(1)': The base change map (5 J — > RfJ'* induces a map (5|i?/i,(7i'®i?5i'A) — > Rf4d'*H'(g) 
5'*Rg'lA). The evaluation map (EH) induces a map Rf^{5'*H' ® 5'*Rg'lA) — > Rf^{jvXv ® 
5'*Rg'lA). We define (1)' to be the composite of these two maps. By these definitions, the 
commutativities in the first line in the diagram are clear. 
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(2): This map is the map locz,n/,it/[,,jr : H'^iZ x Z,nz) — > H'^{Z x Z,Hz <E) RgzA) ^ 
H^z\wi^ xZ,nz® RgzA)- (ci. 

(2)': The isomorphism Rh^H' ~ Hz and the base change map 6'^Rh^ — > Rf*S'* induce a 
map 5*z'Hz ® S^Rgz^,^ — > Rf^S'*!^' S'^Rgz*^- The evaluation map (|3.7p induces a map 
Rf^:5'*H' 5*zRgz*^ — > Rf*jv\^v ® Rgz*^- We define (2)' to be the composite of these 
maps. 

(2)": The map h*'Hz — "H' and the base change map h*Rgz^:A — > Rg" induce a map 
h*{'Hz ® Rgz^A) — > H' (g) Rg'\A. The map (2)" is induced by the adjoint of this map. By 
these descriptions and the definition of the map (|5.3p . the commutativities in the second fine 
in the diagram (|5.7p follow. 



(3)': This map is induced by the pull-back by Sz and the usual evaluation map 6'^'Hz — ^ 
jwi^w for RfjjfJ^. The right bottom commutativity is a consequence of the compatibility of 
evaluation maps with proper push-forward which is proved in |Gr[ Theoreme 4.4. (4.4.4)]. 

We consider the following commutative diagram 

(fxf). 



^dj.v,RJu,.r H"ziZ X Z,nz). 



By this diagram, an equality (/ x /),idj,jr — idj„,,fl/[;,jr which is a consequence of the com- 
patibility of the cohomological correspondence with proper push- forward and (t>i,(j)* — id, we 
obtain an equality 

h^(j)*idj,jr = idj„,Rf^,yr. (5.8) 
We consider the following commutative diagram 

H"s{X,jvXv <E> S'*Rg:A) H"s{X, Kx ® 5'* Rg'^A) ~ Hl{X, ICx) (5.9) 



H°iZ,jw,ICw ® S*zRgzA) H°{Z,ICz ® 5*zRgz,A) ~ H^(Z, ICz) 



where the left vertical arrow is the proper push-forward (15. 4p and the right vertical arrow 
/* : Hg{X,JCx) — > H^{Z,ICz) is the usual proper push-forward. Clearly the composite 
Hg{X,jv]ICv •8' 5'* Rg'^A) — > H^{Z,jw\K,w ® S^Rgz^A) of the right vertical arrows in the 
diagram (|5.7p is equal to the map /* : H'^iX, jv\)(^v Rg'*^) — > H^{Z, jw\l^w <^Sz^9z*^) 
in the diagram (|5.9p . The locahzed characteristic class Cj.{jw\Rfu\^) is the image of the 
cohomological correspondence idj„,,_R/[^,;F by the composite of the maps (2) and (3)' in the 
diagram (|5.7p by Definition 13.21 Hence the assertion follows from the equalities (|5.6p and (|5.8p . 
and the commutative diagrams (|5.7p and (|5.9p . □ 



Corollary 5.3. Let the notation and the assumption he as in Theorem \5.SX Then we have an 
equality 



f\&°^'"°{m = C™(jw!i?/c/!^) - MT) ■ C°?Uw^Rfu<M 



inH°{Z,JCz). 



Proof. By Theorem l5.21 we have equalities f*C^s^'^ {j\!F) = Cj^{jw\Rfu\^) and /,C^®'"(j!A[/) = 
CrUw^Rfui^u)- Hence the assertion follows from an equality ik{Rfu^T) — rk(J^)-rk(i?/[/|Ac/). 

□ 
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Corollary 5.4. Let the notation be as in Theorem \5.'A . Further we assume that k is a perfect 
field, that D U S is a divisor with simple normal crossings, that dim Z < 2 and that T is 
a smooth E-sheaf of rank 1 which is clean with respect to the boundary where E is a finite 
extension of Qi and I is invertible in k. Then we have 

-Uc:f = Sw"^'"^(i?/[/,^) - rk(^) • Sw"^™(i?/[/,A[/) 

in Hj,{Z, ICz) where cjr e CHo{S) is the Kato 0-cycle class defined by K. Kato in \K1^ and 
\K^ . and recalled in 'AS, Section 4]- 

Proof We prove an equality -c^ = Cg^'^^ijiJ") in H^{X,ICx) in [T, Corollary 3.10]. By this 
equality, Theorem 14. II and Corollarv l5.3[ the assertion follows. □ 

Remark 5.5. Let the notation be as in Corollary 15.41 If we assume the strong resolution of 
singularities, the equality 

-/,c^ = Sw"^'^<=(i?/c/,.F) - Tk{J^) ■ Sw"^'^'=(i?/j/,Aj/) 

in H^{Z, K-z) holds for any dimensional scheme Z. 

We prove the compatibility of the localized characteristic class of a smooth A-adic sheaf 
with a cohomological correspondence with proper push-forward. Let X and Y be schemes over 
k and U C X and V CY open dense subschemes smooth over k respectively. Let jv '■ V — > Y 
and j : U — > X denote the open immersions, and T :— Y\V and S := X\U the complements 
respectively Let Sx : X — >XxX,dY -Y — >YxY,6v :¥ — > V xV and Su : U — >UxU 
be the diagonal closed immersions. We consider a cartesian diagram 

?v 

V-^Y^ T 

f f 

u^-^x^ — s 

where / : Y — > X is a proper morphism and / : V — > C/ is a proper smooth morphism. 

Let C and C" be closed subschemes oiU xU and V xV respectively. Let C be the closure 
of C in AT X X and C' the closure of C" in y x F respectively. We assume that (/ x f){C') C C 
and C = (a: X f7) n C and C" = (y X y) n C'._Let C" denote the_ inverse (/ x /)-^(C) and 
C" the closure of C" in y x F. Let jc ■ C — > C and jc ■ C — > C be the open immersions. 
We consider the following cartesian diagram 

C *- C" Y xY -^-^ Y X Y\C" 

fyj 

C — ^ XxX X X X\C 

where : X x X\C — > XxX and g^n : Y x Y\C" — > Y xY are the open immersions and 
the squares are cartesian. Similarly gc ■ U x U\C — > U x U, gc ■ V x V\C' — > V x V and 
g(j, : Y X Y\C' — > Y x Y denote the open immersions. Let h : C — > C be the projection. 

Let .7^ be a smooth A-sheaf on V. Since / is a proper smooth morphism, the sheaves 
R''f^,!F are smooth for all q. Let u' be a cohomological correspondence of !F on C . We put 
7i := RTi.om{pi2jiRf*J-,Rpr\j\Rf^,T) on X x X and H' :— RTi.om{pr2jv\^, RWijv\J^) on 
Y X Y respectively. 
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We define a map in the same way as (|5.2p 

RMjviICv ® <5f i?.gc'*A) ^ j^Xu 5*xRgc*^ (5-10) 
to be the composite of the following maps 

RMjvXv ® 5*YRgc'*^) — * Rf*{iv\K.v ® S^-RgcM - Rf*jvdlCv «> Sl^RgcA) 

~ Rf^jvXv ® 6*xRgcA — ' P-^u ® S*xRgcA- 

The first map is induced by the canonical map Rg^i^A — > RgQu^K. The second isomorphism 
is induced by the projection formula. The third isomorphism follows from the smooth base 
change theorem. The fourth map is induced by the proper push- forward i?/*jyiA^y — > j\K.u- 
The map (jS.lOp induces the proper push-forward 

U : H%^^{Y,jvXv ® 5*yRgc,,^) ^ H°cns^X,j,JCu ® 5*xR9c.^)- (5.11) 
Proposition 5.6. Let the notation and the assumption he as above. Then we have 

in H^^giX,j,ICu «) 5*xRgcA)- 



Proof. We prove this formula in the same way as Theorem 15.31 We omit a proof. □ 

We keep the same notation as above. In the following, we consider the case where C = Su{U) 
and C" = 6viV) are the diagonals and u' = idjr. We assume that X, Y are smooth over k. We 
have the proper push- forward /» : Hj^iY, jv\lCv) — > Hg{X,j\lCu). 

Corollary 5.7. Let the notation and the assumption he as above. 

1. We have 

f.C°P,Uv,T) = C°%v.RUT) - vk{T) ■ C°",(j!i?/,Ay) 

in H'^{XJ,ICu)- 

2. We keep the same notation as in 1. Then we have an equality 

- Cf{j^Rf^T) - MT) ■ C°"{j<Rf.Av) 

mHliX, JCx). 

Proof. 1. We consider the commutative diagram 

H^{Y,jvXv) ^ H^{Y,jvXv ^ S^RgrA) 

Hl{X,j,ICu) H°{X,j,ICu ® 5*xRgxA) 

where the right vertical arrow is the map (|5.1ip in the case where C = 5u{U) and C — Sv{V) 
are the diagonals. Since the canonical map Hg{X,j\ICu) — > Hg{X,j\lCij ® SxRgx^,^) is 
injective, we may regard the equality as an equality in Hg{X,jilCu ® S'xRgx .t^)- Hence the 
assertion follows from Proposition 15 . 61 and Lemma 13.31 

2. The assertion follows from 1 and Remark [33] immediately. □ 
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Corollary 5.8. (Kato-Saito conductor formula in characteristic p> 0) Let the notation be as 
in Corollary \5. 7[ We assume that k is a perfect field, that E denotes a finite extension of Qi 
and that J- is a smooth E-sheaf and the strong resolution of singularities. Then we have an 
equality 

-/,Sw""'™(^) = Sw""'™(i?/,^) - rk(^) • Sw""'™(i?/,i;) 

in H^{X, JCx). 

Proof. This follows from Theorem 14.11 and Corollary 15. 71 2. □ 

Let X be a scheme and [/ C X an open dense subschema smooth of dimension d over k. 
Let S be the complement X\U. Let j : U — > X denote the open immersion. 

Let T denote a smooth A-sheaf on U. Assuming the strong resolution of singularities, 
we define the localized characteristic class C'g{i\J-) G H^{X,K.x) and prove the equality 
Cf{.3\r) = -cl(Sw"^'™(J'^)) in H^{X,ICx). het f : X' — > AT be a desingularization pre- 
serving the open subscheme U by the assumption of the strong resolution of singularities. 
Let j' : U — > X' denote the open immersion and S' the complement X'\U. We denote by 
C^/ijiT) e H^iX, ICx) the image of the localized characteristic class C'%{jlT) G H^,iX\ fCx') 
in Remark 13.51 bv the proper push-forward /* : H^,{X' ,K,x') — > H%{X,K.x)- 

Corollary 5.9. Let the notation he as above. We consider two desingularizations X' — > X 
and X" > X preserving the open subscheme U. Then we have an equality 

CUm = C'x"{3^.T) 

inH°{X, ICx). 

Proof. We take a smooth model X — > X' Xx X" preserving U by the strong resolution of 
singularities. We consider the following cartesian diagram 




where the right vertical arrow is the canonical projection. Let S denote the complement X\U. 
It suffices to show 7r*C~(j!JF) = C^,{j[T) in Hg,{X' , K-x')- This equality follows immediately 
from Corollarv l5.7l 2. Hence the required assertion follows. □ 

Definition 5.10. Let the notation be as in Corollarv l5.9l We take a smooth model / : X' — > 
X preserving U. Wc put Cg{j\T) :— Cx,{j\T) G Hg{X,K,x). This class is independent of a 
choice of a smooth model / : X' — > X by Corollarv l5.9l We call it the localized characteristic 
class of 2\T. Further we put Cf{jxT) := C%{jxT) - rk(J^) • CgQiA) G H%{X,Kx). 



Corollary 5.11. Let the notation be as in Theorem \J^.l\ We do not assume that X is smooth 
over k. Then we have 

Cs°U'.^) = -cl(Sw""'™(^)) 

in Hg(X, K-x) where the left hand side is the localized characteristic class defined in Definition 
\5M 
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Proof. We take a smooth model / : X' — > X preserving U by the strong resolution of sin- 
gularities. We denote by Sw^/™(^) g C Hq{S')eo the naive Swan class of T with respect to 
{U,X'). We have an equality /,Sw;^';™(JP) = Sw"'''™(Jf^) in CHo{S)eo- By Definition [ETUI and 
Theorem 14. 1[ we acquire the following equalities 

CTiji^) = f*C's'im = -/*cl(Swir^(^)) = -cl(Sw"^'™(.F)) 
in Hg{X, K-x)- Hence the assertion follows. □ 

Corollary 5.12. Let the notation be as in Corollary \5. 7| Moreover, we assume the strong 
resolution of singularities and that f is a finite etale morphism. Let dy^j^ S CHq (S) ^ Q be 
the wild discriminant ofV over U defined in HKSl Definition 4-3. 1]). We have 

f.C°°{jv,r) = C°"(j,/,.F) + rk(.F) • d{d'°J^) 

in H^{X, ICx). 



Proof By Corollary02, we obtain an equality f^Cf{jv\T) = {j\f^T)-T:\L{TyCf {i\f^Kv)- 
By Theorem l4.11 we acquire C™(j!/*Ay) = — cl(Sw(/*Ay)). By the definition of the Swan class, 
we have Sw(/*Ay) — d^^^. Hence the following equalities hold 

f*Cfijv,T) = C°"{j,f.T) - TkiT) ■ C™(j!/.Ay) 
Thus the assertion follows. □ 
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